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We handshake statistical mechanics with continuum mechanics to develop a methodology for
consistent evaluation of the continuum scale properties of graphene. The scope is kept limited
to elastic modulus, E, which has been reported to vary between 0.912 TPa to 7 TPa, Poisson’s
ratio, ν, which has been reported to vary from being negative to a value as large as 0.46, and
effective thickness, q, whose value varies between 0.75 A˚to 3.41 A˚. Such a large scatter arises due
to inconsistent evaluation of these properties and making assumptions that may not be valid at
atomistic scales. Our methodology combines three separate methods – uniaxial tension, equibiaxial
tension, and flexural out-of-plane free vibrations of simply supported sheets, which, when used in
tandem in MD, can provide consistent values of E, ν and q. The only assumption made in the
present study is the validity of the continuum scale thin plate vibration equation to represent the
free vibrations of a long graphene sheet. Our results suggest that – (i) graphene is auxetic with its
Poisson’s ratio increasing with increasing temperature, (ii) with increasing temperature, E decreases,
and (iii) the effective thickness increases with temperature.
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I. INTRODUCTION
With the advances in technology, a new class of mate-
rials called two-dimensional materials has been created,
wherein electrons are free to move in a two-dimensional
plane, but their out-of-plane displacement is severely re-
stricted. Some examples of two-dimensional materials
are – graphene, graphane, graphyne, borophene, silicene,
etc. Of these, possibly the most important material is
graphene. It comprises a single layer of sp2 hybridized
carbon atoms, arranged in a regular hexagonal pattern
[1]. Several important allotropes of carbon, such as
graphite, carbon nanotubes, fullerene, etc. may be ob-
tained from graphene. It exhibits some of the best-known
electrical[2], chemical [3], thermal [4], and mechanical [5]
properties. For example, the electrical conductivity of
graphene is at least three times that of Copper [2], and
its thermal conductivity of 30805150 W/m-K [4] is al-
most an order of magnitude higher than Copper. Its
very high surface area ∼ 2630 m2 / g makes it a good
candidate in applications related to chemical adsorption
[6]. It has a breaking strength of ∼ 130 GPa[5] while
bearing an extension up to 25%[5]. These extra-ordinary
properties make graphene a very attractive material for
use in several applications such as composite materials[7],
electro-mechanical resonators [8], strain sensors [9–11],
nano-composites[12, 13], etc. moduli
The use of graphene in potential continuum scale ap-
plications, where graphene acts as a reinforcing agent,
relies on the accurate knowledge of the continuum scale
∗ Corresponding Author: puneet.patra@civil.iitkgp.ac.in
mechanical properties such as elastic modulus (E), shear
modulus (Get al.), Poisson’s ratio (ν), effective thickness
(q), etc. Information on these mechanical properties is
typically required apriori for performing initial calcula-
tions or for computing the initial strength of graphene-
coated materials. They serve as inputs in the “rule of
mixture”. For example, the effective elastic modulus of
a graphene-based composite is given by:
Eeff = EG × VG + EM × VM , (1)
where EG (VG) and EM (VM ) are the elastic moduli (vol-
ume fraction) of graphene and matrix, respectively. Cus-
tomarily, VM ≈ 98%− 99.5% while EM ≈ 2.0− 3.0 GPa
[14, 15]. Preliminary calculations show that Eeff is sig-
nificantly dependent on EG. For example, with EG = 1
TPa, EM = 2 GPa, VG = 0.5% and VM = 99.5%,
Eeff ≈ 7 GPa. On the other hand, if EG is taken as
3.84 TPa, as has been reported in the literature, Eeff
changes to 21.2 GPa. The two composites, although
made from the same materials, will have entirely differ-
ent responses in the linear regime. Similarly, the effective
shear modulus depends significantly on the shear mod-
ulus of graphene. Likewise, if the thickness of graphene
is changed, the longitudinal and transverse moduli of a
functionally graded nanocomposite change significantly
as per the Halpin-Tsai model [16]. Further, an accu-
rate estimate of Poisson’s ratio of graphene is necessary
to evaluate the performance of the nanocomposites in
the context of stress concentration[17], buckling response
[18, 19], vibration response [20, 21], etc.
In view of the importance of the mechanical proper-
ties of graphene, researchers have made (and are still
making) numerous efforts in determining the correct ef-
fective continuum scale properties of graphene. Such ef-
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2Authors Method E (TPa) ν q (A˚)
Arghavan et al.[22] MD and FEM 1.0(inplane), 0.11(flexure) 0.16 3.4
Wang et al.[23] MD 1.034 – 3.35
Zhao et al.[24] MD 0.856(ZigZag), 0.964(Armchair) 0.143/0.157 3.41
Kalosakas et al.[25] MD 1.0 0.22 3.35
Tsai et al.[26] MD and FEM 0.912 0.261 3.35
Thomas et al.[27] MD and FEM 0.939 0.223 3.34
Kam et al.[28] MD and FEM 3.84 0.32 0.87
Oded et al.[29] DFT 7.0 – 0.75
Shao et al.[30] DFT 1.17/1.2 – 3.35
Zhou et al.[31] Molecular Mechanics 381− 385(N/m) 0.42-0.46 –
TABLE I. The values of E, ν, and q as reported by different authors. Here MD = molecular dynamics, FEM = finite element
method, and DFT = density functional theory. Notice the large scatter in the reported values.
forts have revolved around both experimental and numer-
ical techniques, some of which we highlight next. Using
atomic force microscopy, Lee et al.[5] conducted nano-
indentation tests on graphene flakes of 1 − 1.5µm diam-
eter and found E = 1 TPa under the assumption that
ν = 0.165 and q = 3.35 A˚i.e. they are the same as
that in graphite. Ryan et al.[32], on the other hand,
used interferometry to deform both free-standing and
restrained graphene flakes, and compared the deflected
shape with the bulge test equation to obtain an esti-
mate of thickness scaled elastic modulus: E × q = 340
N/m, under the assumption that ν = 0.165. Antonio et
al.[33] performed a phonon dispersion based experiment
on graphene deposited on metallic surfaces and reported
E×q = 342N/m and ν = 0.19, without commenting any-
thing on q. Notice that in all experimental techniques,
one or more variables have been assumed.
Similar assumptions also feature in the numerical de-
termination of mechanical properties. Under the assump-
tion that q = 3.4 A˚, Liu et al.[34] used the ab-initio
method for assessing the phonon instability in graphene
at 0K and obtained E = 1.05 TPa and ν = 0.186. As-
suming the q and ν of graphene to be the same as that
of graphite, Jin et al.[35] performed large scale constant
temperature MD simulations on graphene using Brenner-
II potential and equated the resulting standard deviation
of displacement of the atoms with the equation derived
by Krishnan et al.[36] to obtain E = 0.9− 1.1 TPa. Kim
et al.[37] performed classical molecular dynamics (MD)
simulations for graphene to study the flexural wave prop-
agation in them. By comparing the dispersion character-
istics obtained from MD simulations with the analyti-
cal results from the continuum scale thin plate theory,
they found q = 1.04A˚. Atomic-scale studies focusing on
the computation of ν report it to vary from being neg-
ative to positive. For example, Qin et al.[38] performed
MD simulations on graphene using AIREBO potential
to conclude that the ripples in out-of-plane direction im-
ply negative Poissons ratio (ν ∈ 0.1 to −0.4). Jiang
et al.[39] showed auxetic behaviour in graphene after
6% strain from molecular static simulations, and Qin et
al.[40] found a similar behaviour after 18% tensile strain
in the armchair direction from density functional theory.
The values of E, ν, and q reported by other authors,
including the method used, are summarized in table (I).
Notice the large scatter in the values – E ranges from as
small as 0.9 TPa to 7.0 TPa, while ν ranges from being
negative to positive and q varies from 0.75 A˚to 3.4 A˚.
Consequently, there is a large uncertainty involved in the
computation of effective properties of nanocomposites,
and that presents a significant challenge to researchers.
We believe that this large scatter is due to the inconsis-
tent evaluation of the mechanical properties – in most of
the studies, either q or ν or both are assumed, and the
different properties are not found independently. To the
best of our knowledge, the work by Huang et al [41] is
the only attempt at evaluating the values of E, ν, and q
at the same time. They expanded the Brenner’s poten-
tial using Taylor’s series, mathematically simulated load
tests, and made a comparison with continuum scale the-
ories to obtain E = 2.69 − 3.81 TPa, ν = 0.412 and
q = 0.618− 8.74 A˚. These properties stand in stark con-
trast with those typically used for graphene.
In view of this, we revisit the problem of evaluation of
continuum scale properties – E, ν, and q – of graphene in
a consistent manner without invoking any assumptions
on either of the three variables. All three parameters
are treated as unknown and evaluated from three inde-
pendent equations at the same time. The methodology
developed is very general and can be adopted for any
two-dimensional material. The manuscript is organized
as follows. Section II elaborates on the methodology used
for establishing the three independent equations. Section
III provides the details of MD simulations. The results
are presented in Section IV.
II. METHODOLOGY
Consider graphene as a thin rectangular plate of di-
mensions a× b in the x− y plane. Let its thickness be q
along the z-direction. While it is easy to determine a and
b from the geometry of graphene, accurately determining
q is ambiguous due to graphene being single-atomic layer
thick. Should the thickness be taken as the radius of
the Carbon atom or the inter-layer spacing observed in
3FIG. 1. Boundary conditions for uniaxial test
graphite? Rather than selecting q in an ad-hoc manner,
we present here an approach through which q may be
determined in a sound manner. Apart from q, E and ν
are the other unknown variables. In order to indepen-
dently calculate them, three independent equations in-
volving them are needed. In this manuscript, these three
equations are obtained from (i) uniaxial tension, (ii) bi-
axial tension and (iii) free flexural vibrations of graphene
sheet at finite temperature.
The graphene sheet is assumed to behave like a lin-
ear isotropic material. The isotropic assumption may be
justified from the independence of E and ν of graphene
with respect to the chiral angle [31]. The linearity as-
sumption may be justified from the fact that E × q, i.e.
the thickness scaled elastic modulus, of graphene is un-
dervalued by only 3% when linear behavior is considered
vis-a´-vis nonlinear behavior. As a consequence of these
assumptions, only two independent Lame’s constants are
sufficient to define the elastic properties of graphene.
We now elaborate the three independent equations de-
veloped for solving the three unknowns.
A. Uniaxial Tensile Test
Consider a graphene sheet of dimensions described be-
fore. Let the graphene sheet be subjected to a constant
strain rate based uniaxial tension in the y-direction. If
the boundary conditions are chosen according to figure
(1), residual stresses at the boundaries are not developed.
Under these conditions, the graphene sheet behaves as a
thin plate. If UA is the total strain energy and yy is the
strain in the y-direction, then:
1
V
∂2UA
∂2yy
= E =⇒ ∂
2UA
∂2yy
= E × q × a× b, (2)
FIG. 2. Boundary conditions for biaxial test
where, V denotes the volume and equals: V = q × a ×
b. While writing equation (2), we have assumed that
the rate of loading is so slow (quasistatic) that the work
done during straining is solely equal to the increment in
strain energy, and the increment in kinetic energy may
be neglected.
MD simulations readily provide the information re-
lated to strain energy in terms of poy-directiontential en-
ergy, and if the rate of loading is slow, the second deriva-
tive of potential energy with respect to strain is a good
approximation for equation (2). Typically, one may ex-
pect UA to vary quadratically with yy from the data of
MD, and the underlying equation may be obtained from
a least-squares based curve fitting. The second deriva-
tive of the equation provides an estimate of the RHS of
equation (2).
B. Biaxial Tensile Test
The second equation may be obtained from the biax-
ial tensile testing of graphene, with boundary conditions
as depicted in figure (2). Here, the graphene sheet is
loaded in both the x and y-directions at the same con-
stant strain rate, so that, xx = yy =  at all times. In
other words, an equibiaxial loading is applied. Let the
normal stresses corresponding to the x and y-direction be
σxx and σyy. Being principle stresses, the strain energy
per unit volume, for this state of stress is:
UB
V
=
1
2
(σxxxx + σyyyy) . (3)
As graphene has been assumed to behave like a “thin”
plate, stresses and strains may be related through the
plane stress constitutive relation:(
σxx
σyy
)
=
E
(1− ν2)
[
1 ν
ν 1
](
xx
yy
)
(4)
4Substituting equation (4) in equation (3) provides the
relation between UB and the strains:
UB
V
=
E
2(1− ν2)
[
2xx + 
2
yy + 2νxxyy
]
(5)
Equation (5) may be further simplified considering the
fact that xx = yy = :
UB
V
=
E2
(1− ν) =⇒ UB =
Eqab2
(1− ν) (6)
Taking the second derivative of UB with respect to , we
therefore, get:
∂2UB
∂2
=
2Eqab
(1− ν) (7)
Like in the uniaxial case, quasistatic loading has been
assumed so that the information of biaxial strain energy,
UB , may be obtained directly from MD simulations in
terms of the potential energy.
One can directly calculate the value of Poisson’s ratio
from the ratio of equations (7) and (2):
∂2UB/∂
2
∂2UA/∂2yy
=
2
(1− ν) (8)
By definition, Poisson’s ratio may also be calculated from
uniaxial tests:
ν =
〈
−xx(t)
yy
〉
t
. (9)
Here, 〈. . .〉t denotes time averages performed over an en-
tire uniaxial simulation. Note that xx(t) denotes the
true strain along the x direction. For the remainder of
this manuscript, we use the notation νc when Poisson’s
ratio is computed using equation (8) and νd when it is
evaluated using equation (9).
C. Flexure Test
With ν computed, an additional equation is necessary
to compute E and q independently. This may be ob-
tained from the analysis of free vibrations exhibited by a
graphene sheet at a finite temperature. Our approach is
similar to that given by Krishnan et al. [36] for carbon
nanotubes and Jiang et al. [35] for graphene. Consider a
simply supported graphene sheet undergoing free vibra-
tions due to it being kept at a finite temperature. At
moderate temperatures (T < 500 K), acoustic phonon
modes [35] dominate over the optical modes, and are re-
lated to the flexural vibrations of the graphene sheet.
The flexural vibrations, on the other hand, are related
to the flexural rigidity of the “equivalent” plate. Using
this concept, the third equation is developed. The dif-
ferences between our proposed methodology and that by
Jiang et al. [35] are: (i) we use non-periodic boundaries
instead of periodic boundaries, and (ii) our method incor-
porates surface effects owing to the omission of periodic
boundaries so that the properties obtained are truly at
small-scales rather than the bulk properties calculated by
Jiang et. al [35].
Consider a continuum thin plate under plane-stress
conditions, exhibiting free vibrations in the out-of-plane
direction. Let the instantaneous vibration at any point
(x, y) within the plate be denoted by z(x, y, t). Ne-
glecting shear deformations, the governing equation for
z(x, y, t) along with the simply supported boundary con-
ditions may be written as:
∂2z(x, y, t)
∂t2
+
D
ρq
∆2z = 0,
z(x = 0, y, t) = 0 , z(x = a, y, t) = 0,
z(x, y = 0, t) = 0 , z(x, y = b, t) = 0,
∂2z(x, y, t)
∂2x
∣∣∣∣
x=0,y
= 0 ,
∂2z(x, y, t)
∂2x
∣∣∣∣
x=a,y
= 0,
∂2z(x, y, t)
∂2y
∣∣∣∣
x,y=0
= 0 ,
∂2z(x, y, t)
∂2y
∣∣∣∣
x,y=b
= 0,
(10)
Here, t denotes the time, D the flexural rigidity (=
Eq3/12(1 − ν2)), and ρ, the mass per unit area. The
solution of z(x, y, t) may be expressed in Fourier space
as:
z(x, y, t) =
∞∑
m,n=1
zmn(t)
=
∞∑
m,n=1
φmn sin
(mpix
a
)
sin
(npiy
b
)
cos (wmnt) ,
(11)
where, φmn is the Fourier coefficient corresponding to the
mode (m,n) of frequency:
wmn = pi
2
(
m2
a2
+
n2
b2
)√
D
ρq
(12)
For a nanoscale plate undergoing free vibrations at a
finite temperature, the total energy of vibrations and the
amplitude corresponding to each mode are random vari-
ables. If these variables can be related with the thermo-
dynamic quantities obtained from statistical mechanics,
a consistent description of vibrations may be obtained.
For this purpose, let us focus our attention on a specific
mode (m,n). Corresponding to this mode, each point on
the plate vibrates periodically:
zmn(t) = z0 cos(wmnt) (13)
with a frequency wmn and an amplitude, z0, that is de-
pendent on the location of the point:
z0 = φmn sin
(mpix
a
)
sin
(npiy
b
)
(14)
5If ETmn is the total energy corresponding to this mode,
then the energy of a point located at (x, y) vibrating in
this mode is:
Exymn = ψE
T
mn
where, ψ =
φ2mn sin
2
(
mpix
a
)
sin2
(
npiy
b
)∫ ∫
φ2mn sin
2
(
mpix
a
)
sin2
(
npiy
b
)
dxdy
(15)
Due to the one-one mapping of Exymn with E
T
mn, the con-
ditional probability density function (PDF) of the point,
at any instant t, to lie around z, given it vibrates in the
mode (m,n) with energy ETmn, may be written as:
f
(
z|wmn, ETmn
)
=
{ 1
pi
√
z20 − z2
; | z |< z0
0; Otherwise
(16)
We next try to find the conditional probability of the
mode to have an energy ETmn. In order to do so, we
bring in the concepts of statistical mechanics, as high-
lighted by Krishnan et al. [36]. At a finite temperature,
when a nanoscale plate is vibrating, the energy transport
may be described in terms of phonons. Each phonon cor-
responding to the frequency wmn carries an energy given
by: Ep = ~wmn. However, the total number of phonons
is not stationary at a finite temperature, and one has to
probabilistically estimate the number of phonons. The
probability that there are exactly l phonons in the (m,n)
vibration mode is given by the Boltzmann’s factor:
P (l|wmn) = exp (−l~wmn/kBT )
1− exp (~wmn/kBT ) . (17)
To a very good approximation,
P (l|wmn) ≈ ~wmn
kBT
exp (−l~wmn/kBT ), (18)
The total energy carried by these l phonons, l~wmn,
is nothing but the energy, ETmn, of the (m,n) vibra-
tion mode. As the energy of a phonon is quantized,
∆Emn = ~wmn, and one can rewrite equation (18) in
terms of ETmn :
P (ETmn|wmn) =
1
kBT
exp
(−ETmn/kBT )∆Emn, (19)
which, in the limit of a large plate (continuum limit)
becomes:
f(ETmn|wmn)dEmn =
1
kBT
exp
(−ETmn/kBT ) dEmn,
(20)
The conditional PDF of finding the point around z while
it vibrates in the (m,n) mode may now be obtained by
convoluting the conditional PDF shown in equation (16)
with the conditional PDF shown in equation (20):
f(z|wmn) =
∞∫
0
[
f(z|wmn, ETmn)× f(ETmn|wmn)
]
dEmn
=
∞∫
0
exp
(−ETmn/kBT )√
z20 − z2
dEmn
(21)
At any instant, ETmn comprises the kinetic and poten-
tial energy of the mode. For each mode, there exists a
time when the entire contribution to ETmn comes from
the kinetic energy. Without the loss of generality, such
a situation arises when t = pi/2wmn, and E
T
mn may be
obtained by differentiating zmn shown in equation (11)
after multiplying with appropriate mass:
ETmn =
b∫
0
a∫
0
1
2
ρq
(
∂zmn
∂t
)2 ∣∣∣∣
pi
2wmn
dx dy
=
1
8
ρqabw2mnφ
2
mn
(22)
Substituting the value of z0 from equation (14) and sub-
sequently replacing φmn in terms of E
T
mn from equation
(22), equation (21) can be simplified to:
f(z|wmn) =
∞∫
λmnz2
exp
(−ETmn/kBT )√
ETmn
λmn
− z2
dEmn (23)
where,
λmn =
ρqabw2mn
8
(
sin
(
mpix
a
)
sin
(
npiy
b
))2 (24)
Upon integration, equation (23) yields:
f(z|wmn) =
√
λmn
pikB
exp
(
−λmnz
2
kBT
)
(25)
We reiterate that equation (25) represents the condi-
tional PDF of finding a particle around z when it vi-
brates in the mode (m,n) with frequency wmn. Ev-
idently, this is a Gaussian distribution with variance,
σ2mn = kBT/(2λmn). Since in a constant temperature en-
vironment, all modes contribute independently towards
determining the out-of-plane motion at a location (x, y),
their effect needs to be incorporated while calculating the
probability of finding a point in the interval z to z + dz.
The PDF is given by:
f(z) =
∞∑
m,n=1
√
λmn
pikB
exp
(
−λmnz
2
kBT
)
, (26)
Notice that this is a sum of independent normal random
variables, and as a result, the PDF of z is also a normal
random variable, with a variance given by:
σ2 =
∞∑
m,n=1
σ2mn
=
48kBT (1− ν2)
abEq3
∞∑
m,n=1
 sin
(mpix
a
)
sin
(npiy
b
)
pi2
(
m2
a2
+
n2
b2
)

2
(27)
6This expression gives the required third equation for solv-
ing E and q. The LHS of equation (27) may directly be
obtained from MD simulations. We remind the read-
ers that this equation has been derived from the contin-
uum scale thin plate vibration equation (10). Due to the
assumptions of continuum mechanics, no discrete parti-
cles are present within the domain, rather the matter is
treated as a continuous medium. However, MD simula-
tions contain a finite number of particles. Consequently,
the graphene sheet must be long enough for it to be ap-
proximated by the continuum scale equations. Since our
boundary conditions are non-periodic, our approach to-
wards solving the unknowns is unlike that in literature,
where the variance is averaged over the entire domain
[35]. Instead, a symmetric region around the centre of
the graphene sheet is selected, and averages are com-
puted from the particles present there. The summation
in equation (27) is kept limited to m = n = 1000.
III. SIMULATION DETAILS
MD simulations have been performed on two plates,
labelled as PI and PII . PI comprises a 100.9A˚× 103.3A˚
graphene sheet having 4080 atoms, and oriented along
the Cartesian x−y coordinate system, as shown in figure
(3). Relatively larger dimensions have been chosen to en-
sure that the mechanical behavior of graphene sheet may
be represented by the continuum scale vibration equa-
tion and to minimize the effect of size on elastic modu-
lus, which tends to disappear when edge length is greater
than 40A˚ [35]. The plate PII is a graphene sheet oriented
at 45◦to the Cartesian x−y coordinate system, as shown
in figure (4). It comprises 3754 atoms, and has a dimen-
sions of 99.42A˚×99.42A˚. The reason for choosing plates
with different orientations is to study the dependence of
elastic properties on the loading direction. All MD simu-
lations have been performed using free-to-use LAMMPS
software [42].
Interactions between the Carbon atoms of the
graphene sheets have been modelled using a three body
Tersoff-like potential [43, 44]. We choose this potential
since it has seen widespread usage in the MD community
for studying a variety of different problems [45–48]. In
Tersoff potential, the total potential energy, E, is repre-
sented by:
E =
∑
i
Ei =
1
2
∑
i 6=j
∑
j
φ(rij),
φ(rij) = fc(rij)[fR(rij) + bijfA(rij)], (28)
where, Ei denotes the potential energy of the i
th atom,
and φ represents the interaction energy between the ith
and jth atoms. The other variables of equation (28) have
the following meaning: rij is the center to center distance
between the atom pair i and j, bij represents the bond
order function, fc is the cutoff function for ensuring the
nearest-neighbor interactions, fR accounts for the repul-
sion between the atoms when they come close, and fA
FIG. 3. Geometry of plate PI – a graphene sheet of 4080
atoms oriented along the Cartesian x− y coordinate system.
The top and bottom boundaries, labelled as A, have 96 atoms
while the left and right boundaries, labelled as B, have 166
atoms. The region within the yellow circle has six atoms,
whose instantaneous out-of-plane displacements due to ther-
mal vibrations will be averaged for computing the displace-
ment of the center of the plate.
FIG. 4. Geometry of plate PII – a graphene sheet of 3754
atoms oriented at 45◦with respect to the Cartesian x− y co-
ordinate system. The top and bottom boundaries, labelled
as A, have 154 atoms while the left and right boundaries, la-
belled as B, have 148 atoms. Like in the plate PI , the region
within the yellow circle has six atoms.
accounts for the attraction between two atoms. These
functions can be represented mathematically as:
fc(rij) =

1 ∀rij < Pij
1
2 − 12 sin(pi2 rij−RijDij ) ∀Pij < rij < Qij
0 ∀rij > Qij
7fR(rij) = Ae
−λ1rij , fA(rij) = −Be−λ2rij ,
bij = (1 + β
nζnij)
− 12n ,
ζij =
∑
k 6=i,j
fC(rik)g(θijk)exp[λ
3
3(rij − rik)3],
g(θijk) = 1 + c
2/d2 − c2/[d2 + (h− cosθijk)2)], (29)
The cutoff function, fC , is a continuous function that
goes from unity to zero smoothly as the distance between
two atoms vary from Pij = Rij−Dij to Qij = Rij +Dij .
For our problem, Rij is chosen such that only the first
neighbor shell is included. The angle between the bonds
ij and ik is denoted by θijk. One can simulate different
materials using specific values of the different parameters.
In the present work, the values of the different parame-
ters, as proposed by Lindsay and Broido [45], have been
adopted.
A. Equilibrating the Graphene Sheet
Each simulation begins with a minimization run, where
the graphene sheet is relaxed using the conjugate gradi-
ent method. No boundary conditions as well as restraints
are imposed on the edges of the graphene sheet at this
step. Consequently, the dimensions of the sheet increase
slightly, and a minimum potential energy configuration is
obtained. Following minimization, researchers have tra-
ditionally equilibrated the graphene sheet in a constant
pressure and temperature (NPT) ensemble [38, 49–51].
However, NPT equilibration poses a problem – despite
setting the pressure to zero (for avoiding any residual
stress generation), the shape of the graphene sheet no
longer remains rectangular. The graphene sheet becomes
full of ripples, twists and wrinkles. Working with such
a graphene sheet may lead to erroneous computation of
the mechanical properties, and so we have used a differ-
ent equilibration technique, as highlighted next.
The graphene sheet is equilibrated for 400,000 time
steps with a Langevin thermostat [52] instead of deter-
ministic thermostats [53–55] by restraining the bound-
aries A and B (see figures (3) and (4)) in the z direc-
tion while keeping them mobile in the x and y-directions.
Note that each time step corresponds to 1 fs. This tech-
nique of equilibration maintains the rectangular shape
of the graphene sheet while minimizing wrinkles, ripples
and twists along with avoiding any additional thermal
stresses. The residual stresses still present create strains
that are significantly smaller than the strain increment
imposed during the tensile tests. Being random in na-
ture, the thermal forces, at times, induce rotation in the
graphene sheet about the z axis. The rotation angle, Q,
may be calculated by taking the average of the angles by
which the edges rotate about the center of the sheet.
Starting from the same post-minimization configura-
tion, ten different equilibration runs are performed at
each temperature by changing the seed of the Langevin
thermostat. The state at the end of each equilibrium run
serves as an initial configuration for the actual MD runs.
Note that the sheets are rotated back by the angle Q
prior to actual MD runs. We now explain the MD simu-
lation methodology adopted for the three tests described
in the previous section.
B. Uniaxial and Biaxial Tests
Both uniaxial and biaxial tests are performed through
displacement control on the configurations obtained post
equilibration. Displacement control is implemented by
moving the boundary atoms slowly so that the total in-
crement in the strain energy approximately equals the
increment in the potential energy. In order to allow the
effect of displacement to propagate within the graphene
sheet, each loading step is followed by 10,000 MD runs
at constant temperature. The potential energy of the
sheet is continuously monitored over these runs, and its
average over these runs is taken as the potential energy
corresponding to the strain.
For uniaxial tests, the atoms present in the boundary
region A (see figures (3) and (4)) are displaced in the
±y direction while they remain free to move along the x
direction. The atoms present in the boundary region B
have no restrictions on their movement. A displacement
rate of 0.0009 A˚/fs is chosen, which corresponds to ≈
0.00175% strain rate.
For biaxial tests, separate MD runs are performed on
the configurations obtained post equilibration. In here,
the atoms in the boundary region A are free to move
in the x direction while those in the boundary B are
free to move in the y-direction. In order to generate an
equibiaxial state of loading, the displacements along the
two boundaries are different: the particles in the bound-
ary region B are displaced in the ±x direction at the
rate of 0.0009 A˚/fs while those in the boundary region
A are displaced at the rate of 0.0009 × (b/a) A˚/ fs in
the ±y direction. Like in the uniaxial case, the chosen
value of displacement rate is such that the strain rate is
≈ 0.00175%.
C. Flexural Tests
Flexural tests are performed on the configurations ob-
tained post equilibration by imposing boundary condi-
tions as per equation (10) – the displacement along the z
direction is constrained for all boundary atoms; the dis-
placement along the x(y) direction is constrained for the
atoms present in the boundary region A(B). Addition-
ally, for the atoms present in the bottom boundary region
A (right boundary region B), the displacement along y
(x) direction is also constrained. These boundaries re-
flect the simply supported boundary conditions used for
deriving the equation (27).
The graphene sheet, subjected to the mentioned
boundary conditions, undergoes free vibrations at the
8Type T (K) a(A˚) b(A˚)
PI 10 102.997 106.247
PII 10 99.901 99.931
PI 50 102.984 106.235
PI 100 102.979 106.221
PI 200 102.947 106.193
PI 500 102.955 106.193
TABLE II. Post-equilibration dimensions of graphene at dif-
ferent temperatures obtained by averaging over ten differ-
ent configurations. While the initial dimension remains the
same, as shown in figures (3) and (4), during minimization
and equilibration, the sheets expand. The mean dimensions
shown here are used for computing the mechanical properties
of graphene.
chosen temperature. Note that in equation (27), the
variance of out-of-plane displacement is needed. Rather
than working with a single particle present at the cen-
ter, we choose six particles located symmetrically around
the center of the sheet (shown in yellow cirular region in
figures (3) and (4) ) in order to achieve improved con-
vergence of variance. The flexural simulations have been
performed for 20 ns with an integration time step of 1
fs. The variance reported at a specific temperature is the
average over ten different sheet configurations.
IV. RESULTS
The dimensions of graphene sheets post equilibration
are different from the initial dimensions shown in figures
(3) and (4). Due to the finite temperature effects, the
sheets expand. It is on these “expanded” sheets we per-
form MD simulations, and so these dimensions serve as
input to equations (2), (7) and (27) instead of the initial
dimensions. The mean dimensions of the graphene sheets
post equilibration at different temperatures obtained by
averaging over the ten configurations are as shown in ta-
ble II.
A. At low temperatures
We now calculate the mechanical properties – E, q and
ν – for the two plates, PI and PII , at 10 K. νC is first
determined from equation (8) by obtaining the depen-
dence of UA and UB on strain, and taking their ratio.
Once νC is determined, equation (2) or equation (7) may
be used to calculate the thickness scaled elastic modulus:
E × q. This serves as an input to equation (27) from
which q can be obtained. Using these steps in the se-
quence described, the mechanical properties of any two-
dimensional nanoscale structure can be found.
Figure (5) plots the increase in mean strain energy,
〈∆UA〉 and 〈∆UB〉, as the engineering strain increases
to 2%, for both the uniaxial and equibiaxial tensile tests.
〈. . .〉 denotes an averaged quantity obtained by averaging
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PI : Uniaxial
Fit : 131221× ǫ2 + 74× ǫ− 0.07
PII : Uniaxial
Fit : 118147× ǫ2 + 79× ǫ− 0.07
PI : Biaxial
Fit : 224902× ǫ2 + 141× ǫ− 0.25
PII : Biaxial
Fit : 204780× ǫ2 + 135× ǫ− 0.20
FIG. 5. Change in mean strain energy of the two plates – PI
and PII – under uniaxial and equibiaxial tensile loading at
10 K obtained from MD simulations (solid lines). For each
case, a least square based quadratic fitting is performed, and
plotted in dashed lines. There is a good agreement between
the data obtained from MD simulations and the quadratic fit.
Note that the mean potential energy curves are obtained by
taking the average of ten configurations.
the MD results over 10 separate configurations. Notice
that the strain energy is an extensive quantity. Since,
the number of atoms in PII are 3754 while that in PI are
4080, the strain energy increment in PII is marginally
smaller than in PI . A least squares based curve fitting
is performed to obtain the quadratic dependence of the
strain energies on strain. The results, shown as dashed
lines in figure (5), indicate that the increase in strain
energies obtained from MD simulations can be accurately
captured by second-order polynomials.
With the mathematical expressions for UA and UB
determined, equation (8) may be used for finding 〈νC〉:
−0.1699 for PI , and −0.1539 for PII . From the funda-
mental definition of Poisson’s ratio, 〈νD〉 = −0.1643 and
-0.1614 for plates PI and PII , respectively. There is a
marginal difference between 〈νC〉 and 〈νD〉: ∼ 3.4% for
PI and ∼ 4.6% for PII . The difference occurs since the
computation of 〈νD〉 involves only boundary atoms, but
〈νC〉 involves all atoms of the plate, thus accounts for the
true nature.
The negative values of 〈νC〉 and 〈νD〉 indicate that
graphene is auxetic, which is in stark contrast with
graphite. The auxetic nature of graphene may be at-
tributed to its high in-plane shear modulus vis-a´-vis
graphite, because of which the in-plane angle bending
stiffness increases. Consequently, the deformation mech-
anism is different [40] – there is a relatively larger in-
crease in the lateral inline distances between the atoms
since the angular deformation of the bent-angle is smaller
than the axial bond deformation at lower strains. In sim-
ple terms, the atoms try to move away from each other
laterally while trying to move away longitudinally, a be-
havior which is opposite to that of materials with positive
9Poisson’s ratio.
The mean values of thickness scaled elastic modulus,
〈E × q〉, can be directly determined from the uniaxial
tensile tests by employing equation (2): 〈E×q〉 = 384.241
N/m and 379.223 N/m for PI and PII , respectively. For
all practical purposes, the small difference between the
two plates (∼ 1.3%) may be neglected. Our results are in
agreement with the previously reported elastic stiffness
of graphene: 381− 385 N/m [31].
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FIG. 6. Convergence of mean standard deviation, 〈σ〉, for the
two plates undergoing flexural free vibrations at 10K. The
converged values of 〈σ〉 for the two plates are: 0.151 A˚and
0.148 A˚for plates PI and PII , respectively.
Before analyzing the data from flexural free vibrations
of graphene, the convergence of mean standard devia-
tion, 〈σ〉, needs to be checked. Here, 〈σ〉 is obtained by
averaging the σ of equation (27) over 10 separate MD
runs. The temporal evolution of 〈σ〉 over 20 ns for the
two plates is shown in figure (6). The converged values
are found to be 0.151 A˚and 0.148 A˚for PI and PII , re-
spectively. As expected, 〈σ〉 for PII is smaller than PI
owing to its smaller dimensions.
With dimensions shown in table (II) and 〈E×q〉 as cal-
culated previously, 〈q〉 for PI and PII equal 1.528 A˚and
1.506 A˚, respectively. The equivalent mean thicknesses
are smaller than the widely used value of 3.4 A˚which de-
notes the inter-layer spacing of graphite [56]. There is a
justification for not using 3.4 A˚as the equivalent thick-
ness of graphene. Typically at continuum scale, thick-
ness is inversely proportional to the flexural stiffness –
the smaller the thickness, the larger the out-of-plane de-
formations. Graphene, being a two-dimensional mate-
rial with no “matter” present in the out-of-plane direc-
tion for hindering the out-of-plane deformations, shows
much larger out-of-plane deformations (including wrin-
kles, ripples and twists) than in graphite, which com-
prises layers of carbon atoms that interact through van
der Waals potential. The presence of van der Waals forces
prevents large out-of-plane deformations in graphite vis-
a´-vis graphene. Therefore, the equivalent thickness of
graphene must be smaller than that of the inter-layer
Type 〈E〉 (TPa) 〈q〉 (A˚) 〈νC〉 〈νD〉
PI 2.515 1.528 -0.170 -0.164
PII 2.521 1.506 -0.154 -0.161
TABLE III. Snapshot of the continuum scale mechanical
properties of PI and PII . The results suggest that there is
no orientation dependence in the mechanical properties of
graphene sheet.
spacing in graphite.
With equivalent thicknesses known, 〈E〉 for the two
plates may be obtained from the data of the 〈E × q〉:
〈E〉 = 2.515 TPa for PI and 2.521 TPa for PII . These
values are larger than the reported elastic modulus for
graphite (≈ 0.95 TPa [44]). Although, the structure of
graphite has alternate hexagonal packed graphene sheets
at nano-scale, they are in fact oriented in random way
above micro-scale which reduces its elastic modulus vis-
a´-vis graphene. Further, in graphite, apart from the co-
valent carbon-carbon bonds, the weak inter-layer van der
Waals forces start participating in the axial and lateral
deformation mechanisms, which reduces the elastic mod-
ulus. The snapshot of the different variables computed
at 10 K are shown in table (III).
B. Temperature Dependent Properties
We now study the variation of the continuum scale
properties with increasing temperature. The steps for
finding the three unknowns remain the same as high-
lighted previously. Since the values of 〈E〉, 〈ν〉 and 〈q〉
are almost the same for PI and PII at 10 K, in this sec-
tion, only the sheet PI is studied.
The increment in mean strain energies of the sheet PI
are shown in figure (7) (a) and (b), respectively, for uni-
axial and biaxial loading, as the temperature changes
from 50 K to 500 K. The solid lines correspond to aver-
aged values obtained by averaging the MD data over 10
different configurations. For each temperature, a least-
squares based fitted curve is shown in dashed lines. Like
in the low temperature case, the agreement between the
fitted curve and the MD data is good for all tempera-
tures. Note that for uniaxial simulations, because of the
imposed boundary conditions during equilibration runs,
there is a sudden increase in potential energy once the
boundaries, more specifically z displacements, are re-
laxed. These sudden increases are more prominent at
higher temperatures, as can be seen from figure (7)(a) at
500 K.
Poisson’s ratios, 〈νC〉 and 〈νD〉, are shown in table
IV. It is evident that graphene behaves auxetically even
at temperatures as high as 500 K. With increasing tem-
perature, while 〈νC〉 increases, 〈νD〉, on the other hand
decreases. Further, the discrepancy between them in-
creases as the temperature rises. We remind the readers
that 〈νD〉 only accounts for boundary particles whereas
〈νC〉 accounts for all the atoms. The reason of increased
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(a) Uniaxial tensile test
50K
50K : 130332× ǫ2 + 64× ǫ+ 0.10
100K
100K : 130306× ǫ2 + 25× ǫ+ 0.35
200K
200K : 129478× ǫ2 − 13× ǫ+ 1.12
500 K
500K : 126504× ǫ2 + 77× ǫ+ 3.10
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(b) Biaxial tensile test
50K
50K : 225394× ǫ2 + 73× ǫ+ 0.01
100K
100K : 225034× ǫ2 + 30× ǫ+ 0.14
200K
200K : 227079× ǫ2 − 115× ǫ+ 0.17
500K
500K : 220955× ǫ2 + 44× ǫ+ 1.30
FIG. 7. Increase in mean strain energy of the graphene sheet PI under: (a) uniaxial and (b) equibiaxial tensile loading, as
the temperature changes from 10 K to 500 K. The average strain energy obtained from MD simulations (shown in solid lines)
is subjected to a least-squares based curve fitting, which yields a parabolic dependence of strain energy on strain (shown in
dashed lines). The resulting quadratic equations are indicated in the legend.
T (K) 10 50 100 200 500
〈νC〉 -0.170 -0.161 -0.163 -0.147 -0.148
〈νD〉 -0.164 -0.171 -0.173 -0.180 -0.191
TABLE IV. Temperature dependence of 〈νC〉 and 〈νD〉. With
increasing temperature, 〈νC〉 decreases while 〈νD〉 increases.
This disparity occurs because in the computation of 〈νD〉 only
boundary atoms are taken into account. For calculation of
〈νC〉, all atoms of the graphene sheet, not just the bound-
ary particles, are considered. Boundary atoms suffer from
boundary effects since atoms are present only on one side of
the boundary.
T (K) 10 50 100 200 500
〈E × q〉
(N/m)
384.241 381.730 381.723 379.517 370.767
〈σ〉 (A˚) 0.151 0.327 0.428 0.575 0.779
〈q〉 (A˚) 1.528 1.588 1.716 1.817 2.151
〈E〉
(TPa)
2.515 2.412 2.231 2.099 1.735
TABLE V. Snapshot of continuum scale properties of
graphene at different temperatures.
disparity between the two Poisson’s ratios may be at-
tributed to the increased out-of-plane vibrations of the
boundary atoms over the bulk atoms at higher temper-
atures. This creates a restraining effect for the move-
ment of the boundary atoms along the lateral direction,
thereby reducing 〈νD〉.
〈E×q〉 obtained from uniaxial tests and the converged
values of 〈σ〉 obtained from flexural tests are tabulated in
table V. With increasing temperature, 〈E× q〉 decreases.
The decreased stiffness is because of the increased in-
plane vibrations of the atoms around their equilibrium
positions at higher temperatures. The converged values
of 〈σ〉 indicates that both 〈E〉 and 〈q〉 are temperature
dependent – if they were temperature independent, then
the ratio of 〈σ〉 at any two temperatures must be equal
to the square root of the ratio of the two temperatures.
This is reflected in the computed values of 〈q〉, which
increases from 1.528A˚at 10K to 2.151A˚at 500K. On the
other hand, the increase in 〈q〉 is accompanied by a de-
crease in 〈E〉, which is in agreement with the results re-
ported previously [57].
V. CONCLUSIONS
The large scatter in the reported values of contin-
uum scale elastic properties of graphene is tackled in this
manuscript. The scope is kept limited to elastic modulus,
E, which has been reported to vary between 0.912 TPa
to 7 TPa, Poisson’s ratio, ν, which has been reported to
vary from being negative to a value as large as 0.46, and
effective thickness, q, whose value varies between 0.75
A˚to 3.41 A˚. Such a large scatter arises due to inconsistent
evaluation of these properties, and making assumptions
that may not be valid at atomistic scales. For exam-
ple, the data from MD always provides thickness scaled
elastic modulus, and to obtain the elastic modulus re-
searchers assume the thickness. The most common as-
sumption is to take the effective thickness of graphene
to be the same as that of inter-layer spacing in graphite.
However, because of the absence of weak inter-layer van
der Waals forces in single-layered graphene, the assump-
tion may not be correct.
We combine three separate methods, which when used
in tandem in MD, can provide consistent values of E, ν
and q. The only assumption made in the present study
is the validity of the continuum scale thin plate vibra-
tion equation to represent the free vibrations of a long
graphene sheet. Our proposed methodology is quite gen-
eral, and is suitable for any two-dimensional material.
It comprises MD simulations of – (i) uniaxial tension,
(ii) equibiaxial tension, and (iii) flexural out-of-plane
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free vibrations on simply supported sheets. The esti-
mate of ν and E × q, obtained from uniaxial and equib-
iaxial tensile simulations, are subsequently used in flex-
ural vibration simulations for computing the values of
E and q. We test our methodology on graphene, and
our results suggest that – (i) Graphene is auxetic with
its Poisson’s ratio increasing with increasing tempera-
ture, (ii) with increasing temperature, 〈E〉 decreases, and
(iii) the effective mean thickness increases with temper-
ature. From linear interpolation, at room temperature,
〈ν〉 = −0.147, 〈q〉 = 1.928A˚ and 〈E〉 = 1.978 TPa. We
recommend the researchers to use these values while us-
ing graphene for continuum scale experiments.
An interesting extension of this work is to understand
the role played by the different potentials in determin-
ing the continuum scale properties. For example, does
the different mechanical properties change if the Tersoff
potential is replaced by Airebo potential in graphene.
Being very general, the methodology can be adopted for
finding the properties of oother two-dimensional materi-
als such as graphyne, silicene, MoS2 and Boron-Nitride
sheets. There is a scope of further rationalizing the pro-
posed methodology. Eringen’s non-local elasticity theory,
which reformulates continuum mechanics by accounting
for the forces between the atoms and the system’s length
scale while constructing the constitutive equations, may
be used instead of the standard continuum scale plate
theories employed in the present formulation.
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